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INTRODUCTION 
Let K be a global field (i.e., either a number field or a function field over a 
finite field) of characteristic # 2. The aim of this paper is to reduce the 
problem of extendibility of quadratic spaces (i.e., non-singular quadratic 
forms) over K[X, ,..., X,] to the corresponding problem over K,[X, ,..., X,,], 
where K,, is a completion of K. More precisely we prove 
THEOREM 1. Let K be a global field of characteristic # 2. Let q be a 
quadratic space of rank < 4 over the polynomial ring K[X, ,..., X,,]. Then q is 
extended from K if q OK K, is extended from K, for every completion K, 
of K. 
If, further, K has no real completion (i.e., K is either a totally imaginary 
number field or a function field), then every quadratic space over K of rank 
> 5 is isotropic and in view of a theorem of Ojanguren [5] it follows that 
any quadratic space of rank > 5 over K[X, ,..., X,] is extended from K so 
that Theorem 1, in this case, holds for all quadratic spaces, without 
restriction on the rank. Our proof of Theorem 1 uses the following result 
which seems to be of some independent interest. 
THEOREM 2. Let K be an inj?niteJeld and D a division algebra over K. 
Let L/K be an extension field such that L OK D is a division ring. Let P be a 
finitely generated projective module over D[X, ,..., X,,]. If L 0, P is free over 
L OK D[X, ,..., X,], then P is free. 
In view of [7, Corollary 1.31, the condition on L OR D in the above 
theorem is essential. 
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1. PROOF OF THEOREM 2 
Since K is infinite, in view of [8, Theorem 2.91, every projective module 
over D[X, ,..., X,] is either free or of rank 1, so that, to prove the theorem, 
we assume rank P = 1. Since P is finitely generated, we assume without loss 
of generality that L/K is a finitely generated extension and by induction that 
L/K is a simple extension. 
Let L = K(X) with X transcendental over K. Since K(X) OK P is free, 
there exists f E K[X] such that KIXlfOK P is free. Since K is infinite, there 
exists a E K such that f(a) # 0. Let ,/ = (X - a), Then P 5 K[X],/A 0, P 
is free. 
Let L = K(x) = K[X]/(f), f # 0 being the minimal polynomial of x over 
K, with degree f = m. Let A = D[X, ,..., X,,], B = L OK D[X, ,..., X,,]. Let ,Y 
denote the set of isomorphism classes of finitely generated projective A- 
modules which become free of rank 1 over B and let [P] E .8. If 4: 
L OK P 2 B is an isomorphism of B-modules, the Amitsur complex 
of the faithfully flat extension L/K, gives by functoriality, the maps d,d, d, 4: 
L ox L ax P+ L OK B and d,# o @,#)-I is a linear automorphism of 
L OK B. It is therefore given by left multiplication by a unit U, of L OK B. 
The Amitsur cohomology set is defined by 
H'(L/K, Aut(B))= {U E U(L @,B)I (d,u) . (d,u)=d,u}/-, 
where - is the equivalence relation defined by u - u if and only if there 
exists w E U(B) with u = (d,w) v(d,w)-‘. The assignment [P] h [u,] 
defines a bijection between 3’ and H'(L/K, Am(B)) [ 1, 10.20, Corollary 41. 
We show that the inclusion L 0, D C. B induces a bijection 
H'(L/K, Aut(L OK D))rH'(L/K, Aut B). 
The set H'(L/K, Aut(L OK D)) classifies projective D-modules which 
become free of rank 1 over L OK D and hence reduces to a single element. 
Hence H'(L/K, Aut B) reduces to a single element and P is free. 
Let f = nlgiGr f li be the factorization off into powers of irreducible 
polynomials over L[X], so that L OK L 2 n,,i,, L,, with Li = L[X]/(f li). 
For any i, 1 < i < r, there are two injections a, /3: L 4 Li. The map a: 
WW(f)-LWlly'~i) is induced by K 4 L and X t, X. The map /I is 
induced by L C, L[X]. For any 1 E L, we set a(A) = 1 and P(n) = A. With 
this convention, under the isomorphism L OK L 1 n, EiCr Li, A. @,u --t (A + fi). 
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We then have an induced isomorphism L OK B r nI GiGr Li OK A. Let pi : 
L OK B -+ Li OK A be the ith projection. 
Let now uEL@,B with (d,u) . (d, u) = (d, u) and let u = 
c ,,sk,j(m-, xk ax- @I,, A, E A. We then have 
in LO,LO,Brnl,i,,LO,LiO,A. 
Equating the ith projections on both sides, we get 
(1 @ Pi(U)) 
i 
2: Xk @ x’ @ 1, 
1 
= 1 Xk @ 9 @ A,. 
Since the elements xk, 0 < k < m - 1, are linearly independent over K, we 
get, for every i, 
in L,@,A. Since u#O, for at least one 1, we havef,=Cjxj@A,j#O and 
for this I, we get pi(u)p(fi) = aV;). S ince L @ D is a division ring a(h) and 
p(f,) in Li OK A have the same degree with all the non-zero coefficients of 
o(J) and p(fr) units. In view of the following Lemma 1.1, the total degree of 
p,(u) must be zero. Since this is true for all i, u E L OK L OK D and hence 
represents an element of H’(L/K, Aut(L OK D)). This finishes the proof of 
Theorem 2. 
LEMMA 1.1. Let R be any ring (not necessarily commutative). Let 
f, g E R [X, ,..., X,,] with all the coefJicie’nts of the leading monomials of g 
non-zero divisors. Then total degree (f . g) = total degree f + total degree g. 
Proof: Let total degree f = 1, total degree g = k and let f,, g, be the 
homogeneous components of degree 1 and k, respectively, in f and g. Then we 
need only show that fr . g, # 0; this can be easily seen by induction on 1. 
Remark. If L/K is a finite Galois extension, the above theorem follows 
immediately, using Galois cohomology. If, on the other hand, L/K is not 
Galois and z/K denotes the Galois closure, z OK D need not remain a 
division algebra, so that one cannot appeal to the Galois cohomology of 
z/K. The difficulty in computing the Amitsur cohomology H’(L/K, 
Aut L OK D[X, y.., X,]) arises from the fact that even though L 0, D is a 
division ring, L OK L OK D may acquire nilpotent elements. For example, 
take K = Q, L = O(g), D = the quaternion algebra (-3, -1)/Q. Then L, 
the Galois closure of L/K is Q(fi, 0) which in fact splits D and 
L@,LrLx& so that LO,LO,DrLOKDx(~OKD)~LOKDX 
M*(L). 
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PROOF OF THEOREM 1. 
Before proving the theorem, we begin with some lemmas. 
LEMMA 2.1. Let R be a commutative domain and let q be a quadratic 
space over R [X]. If q denotes the reduction module X of q, then q is isotropic 
if and only ~fq is isotropic. 
Proof Let K be the lield of fractions of R. Then q is isotropic o q OR K 
is isotropic. On the other hand, by a theorem of Harder [2, Theorem 13.4.31, 
q OR K is extended from 4 OR K so that q OR K is isotropic o qOR K is 
isotropic. But qaR K is isotropic o S is isotropic. This proves the lemma. 
LEMMA 2.2. Let R be a commutative domain and q a diagonal quadratic 
space over R which is anisotropic. Then O,(q) = OR,X,,,,.,X,l(q). 
Proof. Let a E 0 R1x,,...,x,,(q). Any row of a satisfies an equation of the 
type C Ai ez=lj, ei E R [X, ,..., X,,] where q = (A, ,..., A,). Let k = maxi (deg B,), 
where deg denotes the total degree. Let k > 1. If ei, denotes the homogeneous 
component of degree k of Bi, then, we get, from the above equation, 
Ci ~iBi:, = 0 with at least one 8, # 0. This shows that q @ R [X, ,..., X,] is 
isotropic and in view of Lemma 2.1, q is isotropic, a contradiction. Hence 
k=O and 8,ER. 
LEMMA 2.3. Let K be any field of characteristic # 2 and q an 
anisotropic quadratic space of rank 4 and discriminant d over K[X, ,..., X,]. 
Then, q is extended if q @ K( @) is extended from K( 4). 
Proof Let S denote the reduction of q modulo Xi, 1 < i < n. Since q is 
anisotropic, by Lemma 2.1, 4 is anisotropic. We claim that 40 K(G) is 
anisotropic; for, otherwise, in view of [4, Chap. VII, Lemma 3.11, 4 contains 
a binary form (a, -ad) with a E K* and its orthogonal complement which is 
a binary form of discriminant -1 is a hyperbolic plane. This implies that S is 
isotropic, a contradiction. Since q @ K( 4) is anisotropic, it follows that 
q @ K(g) is anisotropic. We may assume without loss of generality that 4 
is a diagonal form. 
Suppose that q @ K(d) . is extended from K(G), i.e., q @ K(G) 2 
40 K(p). Let Q (resp. QO) denote the set of isomorphism classes of 
quadratic spaces over K[X, ,...) X,] (resp. K) which become isomorphic to 
q 0 K(\/SI) [X, ,..., X,] over K(G) [X,,...,X,] (resp. q@K(&) over 
K(G)). We then have the commutative diagram 
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where the vertical maps # and w are induced by the inclusion KC. 
K[X, ,..., X,J. In view of Lemma 2.3 0,+&7) = OKt~jIx,,...,xnI(~) and 
hence w is a bijection. Therefore 4 is a bijection and q is extended from K. 
Proof of Theorem 1. Since any quadratic space of rank 2 is extended 
from K [6, Proposition 1.11, we assume that rank q > 3. We further assume 
that q is anisotropic since all isotropic spaces over K[X, ,..., X,] are extended 
from K [5]. Suppose that rank q = 3. Replacing q by u - q, u E K*, we 
assume that disc q = 1. Then (1) I q 3 (End, P, Nrd), where A = 
H[X, ,..., X,], H being a quaternion algebra over K and P a projective 
module of rank 1 over A. If q is not extended from K, H is a division algebra 
and P is not free over A [3, Section 61. Then, there exist at least one place v 
of K such that K, OK H is a division algebra. By Theorem 2, K, OK P is not 
free over K, OK H[X, ,..., X,] and hence [3, Section 61 K, @ q is not 
extended from K,. 
Suppose now that rank q = 4 and disc q = d and that q is not extended 
from K. Then by Lemma 2.3, K(@) OK q is not extended from K(4). 
Suppose that Theorem 1 is valid for quadratic spaces of discriminant 1. 
Then, since disc(K(@) @ q) = 1, there exists a place w of K(G) such that 
K(d),,, @ q is not extended from K(4),,,. If w lies over the place v of K, 
clearly K, @ q is not extended from K,. 
We therefore assume that disc q = 1 in proving the result. The quadratic 
space q is then given by the reduced norm on Hom,(P, Q), where P and Q 
are projective modules of rank 1 over A = H[X,,..., X,], H denoting a 
quaternion algebra over K. Since q is not extended from K, H is a division 
algebra and at least one of P and Q is not free over A [3, Section 61. If v is a 
valuation of K such that K, OK H is a division algebra, then by Theorem 2, 
at least one of K, OK P and K, OK Q is not free over K, OK A and hence by 
[3, Section 61, K, @ q is not extended from K,. This completes the proof of 
Theorem 1. 
COROLLARY. Let K be a global field characteristic # 2 with no real 
completions. Then any quadratic space q over K[X,,..., X,] is extended for 
every q 0 k, is extended if and only if completion K, of K. 
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